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Subiectul 1.

cosna  sinna
a) Demonstram prin inductie propozitia: P(n): A" :( ], neN".

—sinna  cosna
P (1) este evident adevirata.

Demonstram ci P(n) — P(n +1) .

Avem:

A A_(cosna sinnaj(cow sinaj_(cos(nﬂ)a sin(n+1)a

—sinna cosna ) \ —sina  cosa —sin(n+1)a cos(n+1)a

Conform principiului inductiei matematice, rezulta ca propozitia P(n) este adevarat,
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b) Cum sin£:M si coszzM avem B =4 12 12
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Subiectul 2.
a) Deoarece — ! ! ! L !
] n2+1 — n2+1’' n2+2 " n2+1’ 77"’ n24n  n241’
prin adunarea acestor inegalitati se obtine ca:
a, < # Cum —— < 1,vn > 1,rezulticiaa, < 1,vn = 1. 1p

n2+1

b) Avem inegalitatile:
1 1 1,
nZ+n  n2+1 = n2+1’
1 1 1

n2+n  n2+2  n2+1’

1




nZ+n = nZ2+n  n2+1
Dupa adunarea acestora obtinem:

2 n2 lp
n2+n < ln f n2+1 = nZ+n <2n FOn < nZ+1
Dar lim——= 1= lim——= limn-a, =1.
n-oon“+n n—-oon“+ n—o
1p
1 _quman-1  limn(na, —1)
c) lim(n-a,)™ = lim [(1 + na, — 1)nan—1] =" 1p
Dar n- (na, — 1) =na, —n = Zn: an -1| = —ZHZL si se obtine:
~\n°+k ~n’+k ’ ’
n n n n 2
Z 2k < 2k < 2k < ESZ 2k Snz+n' 2p
='n“+n <S'n+k Sn°+1 2 =n+k 2n°+2
2 n
Deoarece lim — 2+n = 1, rezultad ca Iimz k :1 , de unde obtinem ca:
n—w 2N“+2 2 n—>o0 4= n2 +k 2
Tllilglo(nan)" =e 2 1p
TOTAL 7p
Subiectul 3.
a) ,,<="Presupunem ci A*—A+1,=0, sau A*+A+1,=0,. Rezulti
A* A+, = AT 2A% 41, — A =(A2+I2)2—A2 =(A+A+1,)(A =A+1,)=0,. 1p
“="Presupunem ci A*+A’+1,=0,.
Notdm a =tr(A) si f=det(A), «, B e R.Din relatia Cayley-Hamilton avem:
A2 =aA-pl,.
Din ipoteza A*+A”+1, =0, obtinem (&®+a —2apB)A=(Ba’ - f*+ B-1)1,.
det((a3+a—2aﬂ)A)=det((ﬁa2 —,62+ﬂ—l)lz):>(a3+a—2aﬂ)2 B =
=(pa* -+ p-1) (x
tr((e®+a—2aB)A)=tr((pa’ - p*+ B-1)1,) = (¢’ +a —2a)-a =
=2(pa’ - p*+ B-1).(x+)
2
Din relatiile (*)si (**) obtinem o (a? +1-2/5) (ﬂ—%}:o.
-dacd a =0 obtinem B° - B+1=0, contradicticcu feR. 1p




2
-daca g = aT obtinem a* +4a*+16 =0, contradictie cu a € R.

2

1p

~dacd @® +1-28 =0 rezulta =2 L jar din relatia (+*) gasim (o’ -1)(a*+3)=0si | 1p

cum a e R avem a =1 sau o =-1.

Daci a=1= B=1= A’-A+1,=0,.

Daci a=-1= f=1= A +A+1,=0,. 1p

0 _ :
b) Luam, de exemplu, A= , 5=M, g2—e+1=0, &2=-1 1p
e 0 2

A? =—¢l,, A" =£°1, . Rezulta:

-+1 1

A4+A2+I2:(52—g+1)I2:02,A2—A+I2:( ¢ }toz,

- -+l
A+ A+, = —erl A #0
2l e —et1 z Ip

TOTAL p

Subiectul 4.

1. Consider subsirurile (x,2) ;51 $i (Xp2_1)ns1- 1p
Avem x,2 = {Vn2} + {VnZ + 1} + {VnZ + 2} .

{Vn?} = n} =o;

(V2 +1}=vnZ+1-[VnZ+1] =vnZ+1-n,

deoarecen <VnZ+1<n+1,vn=>1=[VnZ+1]=n
{(VnZ+2}=vn?+2—-[VnZ+2] =VnZ+2-n,

decarecen <VnZ+2<n+1,vn>1= [VnZ+2| =n. 2p
In concluzie:

xp2 ={Vn2} + {2 + 1} + {Vn2+2} =0+ (Vn2+1-n) + (Vn2 +2—n) =

1 2 _ . 2 _

T VnZii4n + n2+2+4n = r|1l_To Xn? = !ﬁ?@ (\/n2+1+n + \/n2+2+n) o 1p
Avem x,2_; = {VnZ — 1} + {Vn?} + {nZ + 1}.
(n2—1}=vn2-1-[VnZ-1]=vnZ-1-(n - 1),
deoarecen —1<VnZ—1<nvn=1=[nZ-1]=n-1.

(Vnz} ={n}=0;
{(\n2+1}=vnZ+1-[Vn2+1| =Vn2+1-n. 1p

In concluzie:




Xp2_q ={VnZ =1} + {Vn2} + {VnZ + 1} = (\/n2 -1-(n- 1)) +(VnZ+1-n)=

=(V=T-n)+ (V2 +1-n)+1=—==—+ ——+1

: . 1 1
= lim ey = lim (-~ =+ e+ 1) = 1 P
Finalizare: sirul (x,),>, admite doud subsiruri (x,2) ;51 $i (X,2_1)ns1 astfel incat
Iim(xnz):o si Iim(xnz_l):l. 1p
TOTAL 7p




